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Abstract 

We continue the study of heterotic non-Abelian BPS-saturated flux tubes 
(strings). Previously, such solutions were obtained [1] in a particular U(2) gauge 
theory: N = 2 supersymmetric QCD deformed by superpotential terms of a 
special type breaking = 2 supersymmetry down to N = 1. Here we generalize 
the previous results to U(iV) gauge theories. As was suggested by Edalati and 
Tong [2], the string world sheet theory is a heterotic N = (0,2) sigma model, 
with the CP(iV — 1) target space for bosonic fields and an extra right-handed 
fermion which couples to the fermion fields of the N = (2, 2) CP(iV — 1) model. 
We derive the heterotic N = (0, 2) world sheet model directly from the U(iV) 
bulk theory. Parameters of the bulk theory are related to those of the world 
sheet theory. Qualitatively this relation turns out to be the same as in the U(2) 
case. 



1 Introduction 



The simplest model supporting non-Abelian flux tubes (strings) has the gauge group 
U(iV), with the U(l) Fayet-Iliopoulos (FI) term, and N flavors of quarks (N hyper- 
multiplets in the fundamental representation; for a review see [3]). A crucial feature 
of non-Abelian strings is the presence of orientational (and superorientational) moduli 
associated with rotations of their color fluxes inside a non-Abelian group, in addition 
to "standard" translational and supertranslational moduli [4, 5, 6, 7], see also the 
review papers [8, 3, 9, 10]. If Af = 2 supersymmetry is maintained in the bulk, the 
low-energy theory on the string world sheet is split into two disconnected parts: a free 
theory for (super)translational moduli and a nontrivial part, a theory of interacting 
(super)orientational moduli described by the CP(iV — 1) model. The above split of 
the moduli space is completely fixed by the fact that the basic bulk theory has eight 
supercharges, and the string under consideration is 1/2 BPS (classically). 

If Af = 2 bulk theory is deformed by mass terms of the adjoint fields breaking 
Af = 2 down to Af = 1, the situation drastically changes: two of the four former 
supertranslational modes become coupled to two superorientational modes [2]. As a 
result, the world sheet theory is deformed too. Instead of the well-studied Af = (2, 2) 
CP(N— 1) model we now have a heterotic Af = (0, 2) sigma model, with the CP(iV— 1) 
target space for bosonic fields and an extra right-handed fermion which couples to the 
fermion fields of the Af = (2, 2) CP(iV — 1) model in a special way. In the previous 
work [1] the heterotic world sheet model was derived in a particular case of the U(2) 
bulk theory. Our present task is to extend this derivation to U(iV) theories with 
arbitrary N. 

To this end a significant work must be done: all previously undetermined fermion 
zero modes need to be found. We do this job in the limit of small and large coeffi- 
cients in front of the Af = 2 breaking terms. Having these explicit expressions it is 
straightforward to relate the heterotic Af = (0, 2) sigma model parameters with those 
of the bulk theory. 

The paper is organized as follows. In Sect. 2 we review the basic Af = 2 bulk 
theory and introduce a deformation that breaks supersymmetry down to Af = 1. 
This deformation is of a special form: it gives masses to all adjoint fields. Then we 
outline the non-Abelian string solution in the U(iV) theory (Sect. 3). Starting from 
the unbroken Af = 2 bulk theory with the U(iV) gauge group (Sect. 4) and moving 
towards the deformed Af = 1 theory we determine all fermion zero modes (Sect. 6). In 
Sect. 7 we derive the relation between the bulk and world sheet parameters. In Sect. 5 
we discuss the geometric formulation of the heterotic CP(N — 1) model. In Sect. 8 
we give a brief review of physics of the Af = (0,2) CP(iV — 1) model, while Sect. 9 
presents our conclusions. Our notation is summarized and explained in Appendix. 
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2 Microscopic Theory 



In this section we introduce the theory in the bulk, and review its perturbative mass 
spectrum. The starting theory is M = 2 SQCD with the gauge group SU(iV) x U(l). 
Its matter sector consists of Nf = N flavors of quark hypermultiplets, both in funda- 
mental and antifundamental representations, as necessary for Af = 2 supersymmetry. 
For the string solutions to exist, we add the Fayet-Iliopoulos (FI) D-term, which 
causes quark condensation. The superpotential of the theory 

W N=2 = V2\q A A^q A + q A A a T a q A } + m A q A q A (2.1) 

includes the quark multiplets q A and q A {A = 1,...,N), and the adjoint matter 
multiplets and ^4 su ( Ar ) = A a T a which are the J\f = 2 superpartners of the 

U(l) and SU(iV) gauge multiplets. 

To break supersymmetry to M = 1, we introduce mass terms for the adjoint 
matter fields 



(2.2) 



Numerical factors here were chosen for normalization purposes. The masses /ii and 
/i 2 lift the adjoints above their gauge superpartners and, in this way, break M = 2 
supersymmetry. Although the parameters /ii and /i2 are generally speaking different, 
we will later assume that they are connected by a particular relation. The latter is, 
of course, not essential, as our goal is the limit of very large fi\ and /i 2 - 

The theory broken by (2.2) admits 1/2 BPS-saturated vortex solutions, if the 
mass parameters are set to zero [3, 11, 2], 



mi 



m 2 



= rriN = . 



The bosonic part of the theory takes the form 



+ 



Vr|V,a su W| 2 + l|^a u «| 2 + |V^ 



9 2 9i 
V(q A ,q A ,a S ^ N \a^)) . 

Here V M denotes the covariant derivative in the appropriate representation 

< j = d, - i[A a T a , •] , 



(2.3) 



(2.4) 



+ 



7 fund 



d, - iAW - iA°T\ 
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with the SU(iV) generators normalized as 



Tr (T a T b ) = (1/2) 5 ab . 
The potential is given by the sum of the D and F terms, 
V(q A ,q A ,a s ^ N \a lJ ^) = 



92 

2 



2 / ! 



92 



J a a + qA-i q 



q A T a q A 



QAq 



+ 2^ 2 2 



q A T a q A + 



1 dW N=1 



(2.5) 



N 



+ 2 E< 



A=l 



y/2 da a 
V2 



+ 



9\ 



a a T a q 
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)? 


} 



q A q A + 



+ 



1 dW N -_ 



^2 «9a u ( 1 ) 



a u(i) + ™a aa 
V2 

where summation is implied over the repeated flavor indices A. Here £ is the param- 
eter of the Fayet-Iliopoulos D-term. 

The perturbative spectrum of this model was derived in detail in [3]; here we 
review just some of relevant results. The role of the Fayet-Iliopoulos term is to trigger 
spontaneous breaking of the gauge symmetry. The vacuum expectation values (VEVs) 
of the scalar quarks can be chosen in the color-flavor locked form 



kA\ 




(f A ) = 



k — 1, ... TV , A — 1, ... TV , 
while the VEVs of the adjoint fields vanish 

(a su ^> = 0, (a u «) = 0. 



(2.6) 



(2.7) 



The color-flavor locking of the quark VEVs implies that the global SU(iV) c+F sym- 
metry is unbroken in the vacuum. Much in the same way as in Af = 2 SQCD, this 
symmetry leads to the emergence of the orientational zero modes of the Zn strings. 



3 



The values of the parameters in (2.5) are chosen in such a way that the adjoint 
VEVs vanish, and, therefore, the VEVs (2.6) and (2.7) do not depend on the su- 
persymmetry breaking parameters fx\ and /j,2- In particular, the same pattern of the 
symmetry breaking will be observed all the way up to very large /ii and /i 2 , where 
the adjoints decouple. As in Af = 2 SQCD, we assume \f£ A SU (at) to ensure weak 
coupling. 

Now, since both U(l) and SU(iV) gauge groups are broken by squark condensa- 
tion, all gauge bosons become massive, with masses 

Msv(N) = 92VI (2-8) 

and 

Mv(i) = 9i^- (2.9) 

To obtain the scalar boson masses one needs to expand the potential (2.5) near the 
vacuum (2.6), (2.7) and diagonalize the corresponding mass matrix. Then, N 2 com- 
ponents of 2N 2 (real) component scalar field q kA are eaten by the Higgs mechanism 
for the U(l) and SU(iV) gauge groups, respectively. Other N 2 components are split 
as follows: one component acquires mass Mu(i). It becomes the scalar component 
of a massive Af = 1 vector U(l) gauge multiplet. Moreover, N 2 — 1 components ac- 
quire masses Msu(jv) and become superpartners of the SU(iV) gauge bosons in Af = 1 
massive gauge supermultiplets. 

Other AN 2 real scalar components of fields qAk, a su ^ and a v ^ produce the 
following states: two states acquire masses 



N 

<(D = 9i^~2&t, (2-10) 
while the mass of other two states is given by 



N 

m u(i) = Siyy^i . (2- 11 ) 

where Af are two roots of the quadratic equation 

A t 2 -A l (2 + ^ 2 ) + l = 0, (2.12) 

for i = 1, where we introduced two Af = 2 supersymmetry breaking parameters 
associated with the U(l) and SU(iV) gauge groups, respectively, 

91^1 92^2 , , q\ 

Wi= vr- " 2= ^- (2 ' 13) 
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Other 2(iV 2 — 1) states acquire mass 

m tu(N) = 92\[i^ , (2.14) 
while the remaining 2(iV 2 — 1) states become massive, with mass 

m su(JV) = 92\ftK , (2-15) 

where \f are two roots of the quadratic equation (2.12) for i = 2. Note that all states 
come either as singlets or adjoints with respect to the unbroken SU(iV) c+F . 

When the SUSY breaking parameters Ui vanish, the masses ^u(i) an< ^ m u(i) 
coincide with the U(l) gauge boson mass (2.9). The corresponding states form a 
bosonic part of a long Af = 2 massive U(l) vector supermultiplet [12]. 

If uj\ 7^ this supermultiplet splits into a Af = 1 vector multiplet, with mass 
Mu(i), and two chiral multiplets, with masses rri^^ and ^u(i)- ^he same happens 
with the states with masses ^su(at) an d m su(An> see ^1 S ' (2-14) and (2.15). With 
vanishing cj's they combine into the bosonic parts of (iV 2 — 1) Af = 2 vector supermul- 
tiplets with mass Mgu(Tv)- If tfj ^ these multiplets split into (iV 2 — 1) Af = 1 vector 
multiplets (for the SU(iV) group) with mass (2.8) and 2(iV 2 — 1) chiral multiplets 
with masses ^gu^) an d m su{N)- Note that the same splitting pattern was found in 
[12] in the Abelian case. 

Let us take a closer look at the spectrum obtained above in the limit of large 
Af = 2 supersymmetry breaking parameters u>i, u>i >> 1. In this limit the larger 
masses r«u(i) an< ^ m sv(N) become 

fW 

*u(i) - ^u(i)^i - yryyM, ""su(jv) 



m um = M u(i)^i = gly-z-Vi, m tv(N) = M sv(N) uj2 = g\n2 ■ (2.16) 



In the limit /Xj — + oo these are the masses of the heavy adjoint scalars aP^ and a slJ ( N \ 
At Ui ^> 1 these fields decouple and can be integrated out. 

The low-energy theory in this limit contains massive gauge Af = 1 multiplets and 
chiral multiplets with the lower masses m~. Equation (2.12) gives for these masses 

m- -Mm-M^ m- - MsUW - * (217) 



In particular, in the limit of infinite /jj these masses tend to zero. This reflects the 
presence of the Higgs branch in Af = 1 SQCD. 

The Higgs branch poses a problem for the \x — > oo limit [11], due to the presence 
of massless quark states. These states obscure world-sheet physics of the non- Abelian 
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strings. In particular, the strings become infinitely thick, and higher-derivative cor- 
rections of the effective theory become important. The maximal critical value of those 
values of ji where the world sheet theory can be trusted was found in [11] 



e /2 

^2 — , \ 2 ' 

iv SU(A0 



where A^j^ is the scale of A~ = 1 SQCD to which the theory (2.4) flows in the 
ji — > oo limit 

f A JV=l \ 2N - ,, N \ N 

V^SV(N)) — ^2 A SU(iV) • 



3 Vortex solutions in the bulk 

The theory with Af = 2 supersymmetry admits non-Abelian string solutions in the 
bulk [4, 5, 6, 7]. The presence of the U(l) gauge factor allows for non-trivial winding 
of the solution at infinity. These non-Abelian vortices however are different from the 
conventional ANO strings [13], since they involve winding in both factors SU(iV) and 
U(l) of the broken gauge group 

String = v^diagl 1 ' !>•••» 0> at x -»■ 00 

where a is the angle in the plane orthogonal to the string. These are the so-called 
Zn strings. 

The fact that in theory (2.4) supersymmetry is broken down to Af = 1 does not 
prevent one from having BPS strings, provided that one of the quark masses coincide 
with the critical point of the superpotential [2]. Obviously, this is fulfilled with our 
choice of the quark masses (2.3) and superpotential (2.2). The bosonic part of the 
classical string solution is then the same as in Af = 2, and hence can be used "as is"; 
see [3] and [1] where this solution is found in Af = 1 bulk theory for the case of the 
U(2) gauge group. 

We take the ansatz where half of the quark fields vanish, together with the 
adjoint matter 

q = q = if , 

q = q = , 
a U(l) = a SU(JV) = Q> 
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With this ansatz, the bosonic action (2.4) takes a particularly simple form 



9l 



(3.1) 



The profile solution for the string can be written as [5] 

(Mr) ... 

... Mr) 








a: 



SU(iV) 



1 

N 



... 






1 





e' ta M r ) , 




(3.2) 



($«)(-! + f N (r)) 



A u ( i) = 





-(iV-l)J 

l(fta) (l - /(r)) 1, = ^ = 0. 



Here « labels the coordinates in the orthogonal plane, and r and a are the polar 
coordinates in this plane. The functions 0i(r) and <f) 2 (r) determine the profiles of 
the scalar quarks in the orthogonal plane, while f(r) and }'na(j') are the profiles 
of the gauge fields. This ansatz describes strings with the winding number k — 1. 
The profiles satisfy the first-order differential equations, which follow from the BPS 
equations upon substitution of the above ansatz [14, 5]: 

drMr) ~ ^- (/(r) + (N-l)f N (r)] Mr) = 0, 
drMr) ~ [f(r) - f N (r)) Mr) = 0, 

d r f(r) - r^f [(N-l)Mr) 2 + Mr? ' n(] 
% f N (r) - r| [Mrf - Mr?) = 0, 
with the boundary conditions 



= 0, 



(3.3) 



0l(O) = 0, 2 (O) + 0, 0!(OO) = y/i, MOO) 

f N (0) = 1, /(0) = 1, f N (oo) = 0, /(oo) 



0. 



(3.4) 
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Under the latter conditions, the quark profile 4>\{r) is required to vanish at the origin, 
while 02 ( r ) is not restricted at r = 0, and, generally speaking, does not vanish. The 
Z N strings have the tension 

Ti = 2tt£, 



while for the ANO strings one has 



Tano 



In this sense, the strings (3.2) can be viewed as elementary. 

The solution (3.2) breaks SU(iV) c+F down to SU(iV- 1) xU(l). This means that 
the string acquires orientational moduli living in 



SU(iV) 



SU(7V- 1) x U(l) 



CP(JV-l) 



(3.5) 



and becomes bona fide non-Abelian. 

The orientational degrees of freedom can be defined as follows. Since the solution 
(3.2) is one of a family of string solutions, i.e. a representative, one can recover the 
entire family by acting with the diagonal color-flavor rotations preserving the vacuum 
(2.6). For convenience we pass hereforth to the singular gauge where the scalar fields 
do not wind, but the gauge fields have winding around the origin; in this gauge the 
family of solutions takes the form 



(Mr) 



U 








... <f) 2 {r) 







Wr) 



.SU(iV) 



|U(1) 



N 



U 



... 






1 







N 



f(r) ■ 1 





-(N-l) 
A, 



U-^ditx) f N (r) , 



U(l) 



A 



SU(iV) 







(3.6) 



(3.7) 



Here U is a unitary color-flavor rotation matrix from SU(iV) c+F . Since a string solu- 
tion breaks SU(iV) c+F , the effective two-dimensional theory on the string is described 
by a CP(iV — 1) theory of orientational moduli, see Eq. (3.5). It is convenient to 
describe this theory in terms of more explicit orientational variables n l , which are 
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related to the rotation matrix U in (3.6) as follows 
' 1 ... 



1 












1 
... -(N-l)) 



— n ni + 



— ■ V 



(3.8) 



where matrix notation is used on the left-hand side. These variables are subject to 
the CP(iV — 1) conditions, which can be converted into the constraint 

ni ■ n l = 1. 

In addition, there is a freedom of multiplication by one common complex phase (for 
example, one of n l can be chosen real). In the gauged formulation of the sigma model 
this latter phase ambiguity arises as a freedom of gauge. The number of degrees of 
freedom is therefore 2(N — 1). 

Using this parametrization of CP(iV — 1), one rewrites the string solution (3.6) 

as 

(p = 02 + nn (0i - 2 ) 

= 1(0! + (iV-l)0 2 ) + (0x - 2 ) [nn - 1/iv] , 



A SV(N) 



A U(1) 



X 



f N (r) [nn - 1/jv) , 



(3.9) 



x 



1 



N 13 r 2 



f(r), 



where we use matrix notation on both sides of the equations. 

To derive the effective theory on the string, one assumes that the orientational 
moduli n l are slowly varying functions of the world-sheet coordinates Xk, k — 0, 3. 
The former then become fields living on the world sheet. Since they parameterize the 
string zero modes, there is no potential term in this sigma model. 

To obtain the kinetic term for the world sheet theory, one substitutes the string 
ansatz into action (3.1), with moduli n l now adiabatically depending on xq, x%. How- 
ever, in the presence of the latter dependence, the solution (3.9) has to be altered. 
The reason is seen from Eq. (3.6), where the transformation parameter U is no longer 
global, but rather is a function of the world sheet coordinates. This leads to the fact 
that the SU(iV) gauge field, in addition to the transversal components given in (3.9), 
acquires longitudinal components as well. The ansatz for the longitudinal components 
of the gauge field should therefore include the derivatives of n l and can be chosen as 



^SU(TV) 



i [nn,d^(nn)]p(r) , 



// 



0,3, 
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where p(r) is the corresponding profile function, which can be determined by a min- 
imization procedure [3] 

"< r > = 1 - j 2 ■ 

Substituting the above ansatze into bosonic action (3.1) one arrives at 

SI+ 1 = 2(3 J dtdz{\dri\ 2 + (nd k n) 2 } , (3.10) 
where the coupling constant (3 is 

(3 = (3.11) 

92 

This relation establishes a classical connection for the two- and four- dimensional 
coupling constants. Quantum mechanically, both of the couplings run, in particular, 
(3 is asymptotically free [15]. The scale at which equality (3.11) holds is determined 
by the ultraviolet cut-off of the effective theory, which is given by the inverse thickness 
of the string <?2"\/£- The running of the coupling (3 is 

Atx(3 = N\n^-, (3.12) 
No- 
where A,j is the dynamical scale of the sigma model, 

8tt 2 

= 92 '^e~^ = Asu(tv) • (3.13) 



4 Zero modes of the unbroken Af = 2 theory 

In J\f = 2 theory, the lightest modes are the zero modes. The effective action on the 
string world sheet can be built by calculating the zero mode overlap by substituting 
them into the theory (2.4), in a way similar to deriving (3.10). Now, however, we are 
more interested in the fermionic zero modes, since it is the latter that are modified 
in the presence of the M = 2-breaking superpotential (2.2). 

Our string solution is 1/2-BPS, that is, half of the supercharges vanish when 
acting on the solution. The other half does not vanish and generate the supertrans- 
lational zero modes, the superpartners to the translational modes. In fact, the latter 
two are related to each other in a simple manner [2], 

^s-trans = SA ■ ( , (4.1) 

where 5A symbolically denotes the corresponding bosonic mode. Here ( is the 
fermionic superpartner to the translational moduli x l , i = 1,2, representing the 
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position of the center of the string. Similar relation holds between the orientational 
and superorientational modes. 

The fermionic supertranslational zero modes for the U(l)x SU(2) non-Abelian 
string were found in [1]. Now we will generalize this to the case of SU(iV) xU(l). The 
fermionic part of the theory (2.4) is 

Ad = ^Tr\f W p\ fSV W + ^Ay (1) ^A /u(1) + TritfW + Tri^ 
92 9i 

+ tV2Tr [q f X fv ^^ + + + qJ^J) 

+ iyftTr [qfXWWj, + ^ A f (J V + ^3^V + qf\? {N) $) (4.2) 

+ iV2Tr$(a v W + a su ^) ^ + iV2 Tr ^ (a u « + a su ^) J 

- 2^ ((A-«) 2 + (A?«) 2 ) - „ 2 Tr ((A 2 -(-)) 2 + (a^) 2 ) . 

The long bars in this equation indicate that each corresponding variable comes with a 
bar. In the case of the derivatives ft the bar signifies that the derivative is contracted 
with a^ a rather than a^ a . We use the matrix color-flavor notation for fermions; the 
traces run over the corresponding color-flavor indices. The squark fields are written 
as SU(2)# doublets of the Af = 2 theory, qf = (q,q). The index f — 1,2 labels two 
supersymmetries which are present in the M = 2 limit. In particular, / = 2 gauginos, 
which are part of the adjoint multiplets, are given mass terms in (4.2). See Appendix 
for other notations. 

In order to find the zero modes, one generally speaking has to solve the Dirac 
equations. However, in the presence of supersymmetry, one can simply apply the 
supersymmetry transformations to the bosonic solution to obtain the fermionic zero 
modes. This follows from the fact that the fermionic and bosonic modes are related 
to each other, see Eq. (4.1). In the bulk, the supersymmetry transformations are 

SX^ = \(a,a u ef) a F^ + ^(i)™ ^ + ... > 

= ^(WT^ W + e^D^)m {T my p + ... > (43) 
— ^_ / \ kA 

= iy/2 e a/ + • • • , 

5^ aAk = iV2 (f Aa q f ) Ak e af + ... . 

The parameter of supertransformations is e af . The ellipses stand for the adjoint scalar 
contributions, which vanish on our string solution. We have used the matrix notation 
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in (4.3) for both the SU(iV) gauginos and quark fields, where for the latter we present 
indices explicitly. The D-terms in Eq. (4.3) are 

^11(1)1 + W V(1)2 = Q? £,U(1)3 = _ i 9± ^1^2 _ ? 

d w{n)i + w sv{n)<i = 0> d su ( jv)3 = _ J5 2 Tr (yTv)r. (4.4) 

The supertransformations generated using parameters e 12 and e 21 act trivially on 
the BPS string in theory with the Fayet-Iliopoulos D-teim. [12, 1]. The other two 
supertransformations which are associated with the parameters e 11 and e 22 , generate 
supertranslational zero modes, and in fact these parameters are identified with the 
corresponding world sheet coordinates 

Cl = e 11 , C* = e 22 - (4-5) 

The zero modes are obtained straightforwardly by substituting the bosonic string 
solution into Eq. (4.3) 

^2 = -2v^^^ l^Mf + (N-l)f N ) + >Lz± M -f N ) 

+ (nn - l/N) {<M/ + (N - l)f N ) - &(/-/*)} ) Cl, 

?i = 2V2 Xl ~J X2 (±Mf + (N-l)f N ) + ^Mf-fN) 

+ (nn - l/N){Mf + (N-l)f N ) - 2 (/ - f N )} ) ( R , 



A 11 U W = 




+ 2 _ N ^ a 


^22 U(l) 




.1)02 + 02 _ (r 


11 SU(iV) 


- igl (nn - 


i/n) [<p\ - 2 ) a, 


22 SU(iV) 


+ wl (nn - 


l/N) [<p\ - 2 ) ( R , 



where we list only the non-vanishing components of the fermions. 

The superorientational zero modes are obtained using the supertransformations 
generated by e 21 and e 12 . This method was suggested in [6] and was used to determine 
fermionic superorientational zero modes in the Af = 2 theory with the U(2) gauge 
group. Here we develop a U(iV) generalization of results in [6]. As was already 
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mentioned, a direct substitution of the bosonic solution (3.9) into the transformations 
(4.3) with these parameters would produce a vanishing result. The zero modes are 
in fact proportional to the x°, x 3 -derivatives of the orientational moduli n l . If one 
assumes a slow longitudinal dependence of the orientational coordinates in (3.9), then 
Eq. (4.3) yields 

tpaAk = iV^S 2 01 02 • nnd L {nn) ■ e 21 , 

92 

^ = - iyfisj ^ ~ 02 • d R (nn) nn ■ e 12 , 



a /«su(jv) = 2 ^f N 

02 



4 

i0? 


2 

- 01 




02 






x 1 


— ix 2 


r 2 



fa 



x ' d R (nn) nn ■ e 12 



where 



d R = d + i <9 3 , d L = d - id 3 . 



Using the world sheet supersymmetry transformations, see e.g. Eq. (4.13), one finds 
that the derivatives of the orientational moduli generate the fermionic superpartners 
of the latter 

i\Pl d R {nn) nn ■ e 12 = , 

i\pl nndL{nn) ■ e 21 = n^L ■ 

The variables are constrained to be orthogonal to the orientational moduli n l , 
which is the supersymmetric generalization of the CP(iV — 1) condition \n\ 2 = 1: 

nm l = 1, n^ 1 = lm l = 0. (4.7) 

One then arrives at the following result for the superorientational modes: 

02 

r fcA 0? - <Pt * - 

Vi = 7 tn n , 

02 

A 11SUW = iV2 X± ~ 2 ix2 ^f N -nU, (4.8) 

r z 02 
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where, again, only non-zero components are shown. The results (4.6) and (4.8) qual- 
itatively agree with those in Ref. [2], where, however, only the case of equal coupling 
constants g\ = g 2 was considered. In that case one only needs a single quark profile 
function rather than two <pi and 02- In general, even if the SU(iV) x U(l) theory is 
obtained from a broken SU(A r + 1), one is not free to assume the coupling constants 
to be equal, due to their running above 

From the action (4.2) one finds the Dirac equations which the zero modes should 
satisfy, 

^(W m) ) +iV2Tr[W + ^) = 0, 

j_ (pxwwy + ^ Tr ^ T y + ^/ T ajj _ 6 2 f t, 2 \? v{N) = 0, 

9 2 

-i# + iy/2 [q f + + ^{a u « + a su ^}) = 0, 

if^ + iV2 [{\ V / 1] + \f {N) ]qf + {a u « + a su ^}^) = 0, (4.9) 

m + iV2 ({Ay (1) + \f iN) }qf + {a u « + a su W}J) = 0, 

-iffi + iV2 [q f {\ V f (1) + Xf (N) } + ?K (1) + a su W}) = 0. 

Indeed, it can be readily verified, that the zero modes (4.6) and (4.8) satisfy these 
Dirac equations in the limit when the supersymmetry breaking parameters /xi and \ii 
vanish. 

In the remainder of this section we present the effective M = (2, 2) world sheet 
theory on the string. This is done by substituting the above zero modes into the 
kinetic terms of our theory (2.4). Before delving in this, we recall that in Section 3 the 
presence of the orientational modes forced us to include the longitudinal components 
of the SU(iV) gauge field, 

AfW = i[n%d,{nn)]p{r) , /i = 0,3. (4.10) 

Similarly, the dependence of the translational moduli x l Q on the world sheet coor- 
dinates x°, x 3 induces longitudinal contributions in both Abelian and non-Abelian 
gauge fields, 

• u(i) _ , (^ — x 1 q) djjjtf — xj) ,, s 
4 U(A ° = e ij " Xl) d 2 (XJ " 4) f*(r) , Ai = 0,3. (4.11) 
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Now, introducing the string center coordinates Xq and x\ into the string solution 
(3.9), and plugging the latter together with (4.11) and (4.6) into the action (3.1), 
(4.2), one arrives at the translational sector of the world sheet theory, 

^trans = 2tt£ J dtdz (^(<9 fc f ) 2 + ^CliOrCl + ^Cr^lCr^ , 

after properly normalizing the fermions. 

The non-Abelian nature of the string dynamics is contained in the orientational 
sector of the world sheet theory. Equation (3.10) shows the bosonic part of this sector. 
To obtain the fermionic part, one substitutes the superorientational zero modes (4.8), 
together with (4.10), into the kinetic terms of our theory (3.1). The result gives the 
kinetic terms of the fermionic moduli of the CP(A r — 1) model, namely, 



2(3 J d 2 x{i L id R ^ L + Uid L U}- 



The remaining parts of the model are recovered by M = (2, 2) supersymmetry. We 
combine the translational and orientational sectors to obtain 

S£? = J d 2 x 2tt£ [\{d k x Q f + ^ L id R C L + l ^ R id L c R ] 

+ 2(3 [\d k n\ 2 + {nd k nf + 1 L id R £ L + Cr^lCr 

- % {nd R n) l L £ L - i (nd L n) 1 R £ R (4.12) 

+ ClCrCrCl — £,r£,r£,l£,l j 

Here the contractions of the CP(iV — 1) indices are implied in an obvious manner, 
e.g. 

(nd R n) £ L £ L = (n, d R n l ) £ Li & ■ 
The orientational sector of this theory possesses the following Af = (2, 2) super- 
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symmetry 



5n = 




5n = 


V2(e R £ L + e L £ R ) , 


s& = 


iV2e R V L n l - V2e L (^ L )n l 




iV2e R X7 L ni - V2e L (^ L )fii 


= 


iV2e L V R n l - V2e R (& R )n l 




iV2e L V R fii - V2e R (^ R )ni 



where e R = e\ and = 62 are parameters of two SUSY transformations while = 
dk — iAk with the gauge potential given by 

A + iA 3 = - i nd R n - £ R £ R , 

A - iA 3 = -ind L n - f £ f £ . (4.14) 



5 Formulations of Af = (0, 2) Theory 

When one breaks the microscopic Af = 2 theory down to Af = 1, it is natural to 
expect that the low-energy theory on the string will be described by an Af = (0, 2) 
supersymmetric sigma model. As was argued in Ref. [2], and confirmed in [1] for 
the SU(2) theory, the world sheet model is actually CP(iV — l)xC rather than just 
CP(iV — 1), by the reason that the latter does not admit Af = (0, 2) generalizations. 
The extra factor C comes from a mixing of the orientational and translational degrees 
of freedom, which do not interact in the Af = (2, 2) theory (4.12). 

In the language of two-dimensional superfields, it was discovered in [2] that the 
deformation of the Af = (2, 2) theory consists of adding a two-dimensional superpo- 
tential 

Wi+i = -5S 2 , 

(here S is an appropriate auxiliary superfield) and mixing it with the right-handed 
supertranslational modes ( R . This was done in the two-dimensional superfield formu- 
lation of CP(iV — l)xC. We will not dwell on details of this formulation, but rather 
note that the latter mixing can be presented as 

. — d 2 m + i , „ 

im w \ L ( R + H.c, 



16 



written in our notations. Here A^ is an auxiliary variable responsible for the CP(N— 1) 
constraints, as described below. In essence, the superfield formulation is the gauge 
formulation, to be discussed shortly, with all physical and auxiliary fields concisely 
packed into Af = (0,2) supermultiplets. The Af = (2,2) multiplets split up in pairs 
of Af = (0, 2) ones, and some physical fields become isolated, e.g. (r now lives in a 
multiplet of its own, not related at all to x . This is of course the consequence of the 
breaking of Af = (2, 2) symmetry. 

We start with presenting first the gauge formulation of the CP(iV — 1) xC theory, 

Sfi? = J d 2 x 2< [\{dx,f + ^CliOrCl + lc R id L C R ) 

+ 2(3\Vn\ 2 + ±- 2 Fl + ^\da\ 2 + 4/?|a| 2 |n| 2 + 2e 2 (3 2 (|n| 2 - l) 2 

+ \\ R id L \ R + + WIr^lU + 2Pl L iV R £ L 

e e 

+ is/22(5 [cjIr^l + (jIlZr) 

+ tV22(3 [n(X R ^ L - \ l £r) - (&\ R - ^A L )n) 



+ 2/3 4 



(• 






da 



+ im w \ L 



-r- d 2 W 1+1/ , . - d 2 W 1+ i 



da 2 



-(r + im w ( R - 



8a 2 



A, 



The sigma model appears in the e 2 — > oo limit upon elimination of auxiliary fields, 
including the U(l) gauge field. The only physical fields here are xq, (, n l and In 
the absence of deformation, the fermionic auxiliary variables Xl,r are responsible for 
the CP(N — 1) constraints (4.7). In the Af = (0, 2) theory, however, the superpotential 
Wi + i prevents these constraints to be satisfied for the right-handed coordinates £ R , 



For practical reasons, however, it is convenient to restore CP(iV — 1) constraints by 
a shift 



- m w _ 

6? - -^=o-Qru, 



e R 

Cr = U~ '^-Cnri. (5.1) 
With this redefinition, and all auxiliary fields excluded, the sigma model takes the 
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form 



Sfi? = J d 2 x 2tt£ [\{dx Q f + + \uidLC R ] 



+ 2/3||9nr + (nd k nY + ^ R id L ^ R + U^r^l (5.2) 

- % (fid L n) £ R £ R - i ind R n) % L £ L 
m\y/\/2 



+ 



V 7 ! + 2\5\ 



2 



[5(id L n)£ R ( R + S^ R (id L n)CR^ 



m^r \5\ 2 



+ ^ 2|^|2 ^L^R^R^L — ^.L^L^R^R + — — ~ ^L^lCrCr 

While removing the unpleasant right-hand side in the CP(iV — 1) constraints, the 
substitution (5.1) introduces interaction between the superorientational and super- 
translational moduli, e.g. the so-called "bifermionic mixing term" in the fourth line of 
Eq. (5.2). The latter is seen most explicitly if one rescales the translational variables, 

Cr = etc. 
m w /2 

with the same substitution for xo and (l- Then one obtains 

= 2(3 jd 2 x [CriBlCr + ... 

+ |<9n| 2 + (nd k nf + 1 R id L £ R + ^ L id R ^ L (5.3) 

- % (fid L n) tutu - i {nd R n) £ L £ L 

+ ^(id L n)£ R ( R + i£ R (id L n)( R + \^\ 2 ^l^lCrCr 

+ (1 - ItT) ZlZrZrZl - ZlZlZrZr) , 

where the ellipses stand for the decoupled part of the theory, 

... = (dx f + (Lid R ( L , 

and the coefficient 7 in front of the bifermionic term is related to the superpotential 
parameter 5 via 

y/2 5 

7 y/l + 2\S\ 2 ' 

18 



In this paper the heterotic deformation parameter 7 is connected with the analogous 
parameter 7 introduced in [1] by the following relation, 

7 = 

The theory (5.3) is invariant under the Af = (0, 2) supersymmetry transformations 
8n = V2e R £ L , 
5n = V2e R £ L , 

5£ L = iV2e R d L n - V2 e R ^ L ^ L ■ n - iV2e R (nd L n) ■ n , 

5£ L = iV2e R d L n + y/2e R ^ L ^ L -n + iV2e R (nd L n) ■ n , 

5£ R = - V2e R ^ L ^ R -n - V2^e R ^ L C R , 

5£ R = V2e R £ R £ L -n - V2^e R £ L ( R , 

5( R = - V2^e R -^ R ^ L , 

5( R = V2^e R ^ L ^ R , 

which represent the right-handed half of the M = (2,2) supersymmetry (4.13) de- 
formed by the parameter 7. It is straightforward to see that these supertransforma- 
tions preserve the CP(iV — 1) constraints 

nin 1 = 1 , ni£ l a = % a in l = , a = R,L . 

The normalized form of the CP(iV — 1) xC action (5.3) can be readily transformed into 
yet another formulation of the model, discovered in [1] - the geometric formulation 
— which we will briefly describe here. 

Geometric formulation of CP(N— 1) xC model is based on the Kahler formulation 
of the CP(N — 1) supersymmetric sigma model. One has two sets of N — 1 (anti)chiral 
superfields and i,j — 1,...,N — 1, the lowest components <p\ (j) of which 
parametrize the target Kahler manifold. The Lagrangian of the CP(iV — 1) model is 
given by the following sigma model 



/ 



2 JJT ' r 4 
where K(<f>, (j>) is the Kahler potential, is its Kahler metric 

d K :u 1 _-\\ki 
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V M the covariant derivative, 

(^V,r = ^ m {d^ m + r mk d^ k )) , F H = <T^, 
and Rijhi the Riemann tensor 

-RijM — 9i gji — g mm di gjm Qk9mT ■ 
For the CP(iV — 1) model one chooses the Kahler potential 

= In \\ + 
which corresponds to the Fubini-Study metric, 

- {Sij - -8u^ 5jj(fp\ , where x = 1 + 0%<i 

% v X / 

In this case, 



9ij : 

X K X 



and the Riemann tensor takes the form 



Rijki — — 9i(k9i), 



j ■ 



As was shown in [1], the Af = (0,2) deformation of the CP(iV — 1) model can 
be achieved by introduction of the right-handed supertranslational modulus (r via a 
"right-handed" supermultiplet B, 

b = [c R + V26 R r} e L , 

B = 0l [Cr + V2 6 R T] . 

The latter expressions describe superfields covariant only under the right-handed su- 
persymmetry, while explicitly breaking the left-handed one. In a sense, B is the 
analogue of the M = (0, 2) supermultiplet S in the two-dimensional superfield for- 
malism [2] - the supermultiplet containing only one physical field, which is the 
supertranslational fermionic variable. One then constructs the action 



'(0,2) - ~2 

9o 



J d 4 9 - 2BB + V2^BK + v^tBx] , (5.4) 
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which respects the invariance on the target space CP (TV — 1). Here 



- 2 = 2(3 
% 

defines the coupling constant of the sigma model. The second term in (5.4) generates 
the kinetic term for £r, while the last two terms are responsible for the mixing between 
(r and Cr,l- Explicitly, one has, 



C 



(0,2) 



2(3 



+ i 9lJ (td L ^)^ R ( R + ^ q^U^Kr + \i\ 2 (r(r-(9v¥M (5.5) 

+ {i-\i\ 2 ) {gikWR^l) {gjiWM - fak^R) (gfiWM ■ 

To be able to match the Lagrangian in this formula to that of Ref. [1], one needs 
express 7 in terms of 7 via 7 = V^go'y and normalize the kinetic term for £r canoni- 
cally. 

The geometric form (5.5) can be related to the "gauge" form (5.3) via the fol- 
lowing stereographic projection 



n" 



n 



N 



Vx 
1 

Vx 
1 



m = 



n 



N 



Vx 



i) 1 



X 



1 

Vx~ 



X 



(#) 



3/2 



(W) 



3/2 ' 



where i, % — 1, ...,iV— 1 and we shortcut the contractions (-^0) = Sijtp 3 ^ 1 . Here 
we chose n w to be real given an overall phase freedom of the CP(iV — 1) variables n l . 



6 Worldsheet Af = (0, 2) Theory from the Micro- 
scopic Af = 1 Theory 

As we mentioned before, the bosonic string solution in the Af = 1 case remains the 
same, which helps in finding the effective world sheet theory on the string. At the tech- 
nical level, we got convinced in the previous section that the difference between the 
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M = (0, 2) and M = (2, 2) theories is most evidently exemplified by the bifermionic 
cross-term, see the fourth line in Eq. (5.3). Apart from that term and some quartic 
terms proportional to |7| 2 , the answer for effective world sheet theory is given by 
Eq. (4.12). As for the bifermionic term, it arose from the mixing of the kinetic terms 
of superorientational and supertranslational moduli via substitution (5.1), and it is 
therefore natural to look for the presence of the former term in the effective theory by 
using fermionic zero modes in the kinetic part of the microscopic theory. Had we not 
done the substitution (5.1), our goal would have been finding the quartic fermionic 
terms, a much more difficult task. 

One difficulty here is that the theory on the string possesses the light modes with 
masses (2.11), (2.15), which become massless in the fi — > oo limit. This limit one 
wants to take to proceed to M = 1 SQCD, which possesses a Higgs branch. However, 
as long as one keeps fi finite, the result for the bifermionic mixing can be calculated. 
The presence of the light modes will be then seen as the long 1/r tails of the zero 
modes, divergent when ji — > oo. 

Another difficulty now is that half of supersymmetry which was used for calcu- 
lating the fermionic zero modes, is lost. That brings one to the necessity of solving 
the Dirac equations, which was done in [1] for the SU(2) theory. 

The other half of supersymmetry is still there, and can be used to obtain the left- 
handed zero modes. Since the bosonic string solution did not undergo any change 
when M = 2 was broken, the corresponding zero modes must be the same as in 
the N = 2 theory. For the supertranslational modes they are those proportional 
to ( L , and for the superorientational modes — those proportional to £j> The zero 
modes proportional to (r and £r have changed and must be obtained from the Dirac 
equations. 

Let us start with the supertranslational modes. It is easy to guess a good ansatz 
for the latter, 

\22 u(i) _ \U(i)> , A u(i) x 1 +ix 2 - 

r 

A 22SU ^> = (a Su ^C* + xT^^^Cn] (nn - l/N) , 

?i = + N(nn - l/N)4 ViN) ) C*, (6-1) 

+ \ (^ U(1) + N(nn - l/N)4 ViN) )tn. 

Here A^^j Xf^ N \ an d ihp^ are ^ ne profile functions to be determined. This 
ansatz is very natural from the standpoint of our smooth Af = 1 deformation. When 
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the parameters //i^ are very small, the profiles with the subscript "0" become the 
M = 2 zero modes, since they are proportional to the unbarred Cr, and therefore can 
be taken from Eq. (4.6). The profiles with the subscript "1" become deformations, 
as they are proportional to This interpretation, however, is only valid for very 
small /x, when, as will be seen, the deformations are indeed directly proportional to 
/i. At large /i, the "1" -profiles become large and lose their meaning as deformations, 
accompanied by the fact that the "0" -profiles will no longer be given by the M = 2 
equations (4.6). 

We substitute now the ansatz (6.1) into the Dirac equations (4.9) to obtain the 
following equations for the profiles: 



9A SU(A ° + (tf (1) (0!-0 2 ) + ^o SU(7V) ((iV-l)0 1 + 2 )) (6.2) 

+ g ^ 2 Xf {N) = 0, 

dr\f {N) - - r \T (N) + (^ (1) (01-0 2 ) + ^ UW ((iV-l)0 1+ 2 )) 

+ ^rf^ = 0, 
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for the gauginos, and 

fiHiT* + ^„ SU(,V) - ±(f + (N-2) M i,r m - ^/„<*„ D(1) (6.3) 



2V2 



(A„ U,1) (tf.,-02) + ^A o su(A,, ((iV-l)^+0 2 )j = 0, 



2V2 



for the quarks. These equations are easy to solve in either small-/i or large-/x limit. 

Now we will guess a similar ansatz for the right-handed superorientational modes, 
where it is quite natural to write, 



x l + ix 2 



A 22SUW = 2^^-\ + (r)£ R n + 2A_(r)n&, 
r 

1-2 

= 2^+(r)^n + 2 X — ^-(r)< fl . (6.4) 



Here A + (r) and ip+(r) represent the "undeformed" profile functions in the sense ex- 
plained above, while A_(r) and i/)-(r) are the "perturbations" due to supersymmetry 
breaking. 
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d r ib+ 


- -!-(/- 


— d r X + 


- 1a + + - 


r 


d r ib_ 


1 , 




r 


— <9 r A_ 


- ^A_ + 
r 



Substituting (6.4) into the Dirac equations (4.9), one obtains 

f N )ib + + iV2(/> 1 X+ = 0, 

— A+ + + ^|A_ = 0, 

r V2 

-±-(f + (N-l)f N )i/>- + iV2<b 2 \- = 0, (6.5) 
iVr 

i ^=02 ^- + ^202 A+ = . 

The supersymmetry breaking parameter /ii does not enter these equations since the 
U(l) multiplet does not develop orient at ional, i.e. non-Abelian zero modes by defi- 
nition. 

6.1 Small-// limit 

As explained above, when \i is very small, the Dirac equations can be solved pertur- 
batively. We choose a particular relation between the parameters of the Abelian and 
non-Abelian deformations Hi and /z 2 , 

J 1*1 = 9\Vl "l+(i) = m tv(N) » ( 6 - 6 ) 



which turns out to be convenient. The perturbation series run in powers of fi 2 . The 
"0" -profiles run in even powers of /i and at the leading order constitute the "A/" = 2"- 
super symmetric zero modes, while the "1" -profiles run in odd powers of /i and at the 
leading order are the "deformations". For the supertranslational modes, the ansatz 
(6.1) determines the "0" -profiles from the J\f = 2 zero modes, Eq. (4.6): 

a^ (1) = 4 [(N-i)fi + <p\- m) + <V), 



^o U(1) = ^ [h(f + (N-l)f N ) + ( N -l)Mf-f*)) + OlV), (6.7) 

^o v(N) = ^ [Mf + (N-i)f N ) - Mf-f*)) +o(/i 2 ). 

Inspecting Eqs. (6.2) and (6.3) and dropping all terms proportional to 0(/i 2 ) one 
immediately observes that the first-order profiles obey differential equations similar 
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to those of the zero-order profiles, and thus are proportional to the latter, 

A? (1) = ^rA U(1) + 0(/i 3 ), A? U(iV) = 9 l^r\f W + 0(/i 3 ) . (6.8) 

As for the superorientational zero modes, the zero-order profiles A + and ip + are taken 
from (4.8), 

A + (r) = -—-- + OM, 

Mr) = - ^—^ + 0^1) . (6.9) 

The leading-order contributions to the ■?/>_ and A„ profile functions can be shown to 
be 

V>- = - (0? - 4) + o(/i 3 ) , 

A. = -^((/.-dI + I) + 0(,3). (6 ,0) 
One easily checks that the above solutions behave well at the origin and at infinity. 

6.2 Large-// limit 

When fi is large, one cannot treat the zero modes problem perturbatively. Simplifying 
arguments are needed to be brought up. One obvious remark is that at large [i the 
adjoint fields become heavy, and effectively stop propagating. In terms of the profile 
functions it means that the kinetic terms for A 2 's can be dropped out from equations 
(6.2) and (6.5). Then A 2 can be resolved and completely excluded from the equations. 

Another argument is that we are only interested in the long-distance behavior 
of the zero modes, which presumably will be divergent in /i, in the sense that the 
zero modes will cease to be normalizable at /i — > oo. At large distances the string 
profile functions are very close to their asymptotic values (3.4), which will allow us to 
significantly simplify the equations. In particular, the gauge profile functions vanish 
at infinity. On the other hand, e.g. in Eqs. (6.3), it is the functions / and /jy which 
bind the Abelian and non-Abelian profile functions together. With / and neglected 
(cf. Eq. (3.4)), this binding is lost and the solutions will turn out to be independently 
normalized. To restore their mutual normalization we will need to step back to lower 
distances and consider /'s nonvanishing. We therefore deal with two cases, large r 
and intermediate r, in turn, for supertranslational and superorientational modes. 



26 



6.2.1 Supertranslational zero modes 

Large-r domain: r ^> l/(<?-\/£)- 

Dropping the kinetic terms for A's in (6.2) and setting the string profiles 0i, <p 2 , f 
and f N to their asymptotic values, one has from Eqs. (6.2), (6.3) 



2^2 



^V14 V{N) + M? U(A ° = 0, dr ^ + ^ SU(A ° 



(6.11) 



2^2 



SU(iV) 



. 2\/2 /- SU(AT) 

0, 9 r ^ SU(iV) + i^y/ZXf 3 ™ 



N 





. 



Keeping the notation for the light masses 

we resolve the heavy gauginos 
% 2 rn\ 



rn 



'SU(JV) 



A 



U(l) _ 

•0 



U(D ^U(l) 



A^ (1) = 



1 

/*2 



i 2 ^u(i) u(1 ) 



2V2N ^ 



\SU(AT) 
A 



¥ m SU(iV) , SU(JV) X SU(7V) _ I , r 7/t SU(jV) , SU(JV) 



2v/2 V 7 ? 



(6.12) 



and substitute them back into (6.11), 

d^r + -^ u(i) + 1 



0, 



U(l) 



<9 r ^ u ^ + m 



'SU(Ar) 



0, 



^ SU(JV) ' " sl( ' v;! 



+ -ipn + m 
r 



= 0, 



7 /SU(JV) 
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From these expressions, one obtains the second- order equations for ipi^ and ip^^, 

+ 1 -W! Vm - = 0. (6.13) 

The solutions are given in terms of the McDonald function K (r), namely, 

2 

N 



A U(1) 



SU(AT) r 



= Cm su(I) v^^o ( m su(w) r ) > ^o U(JV) = - Cy/£d r K (rn 

with an arbitrary constant C. At larger r, but still in the region where K does not 
fall off exponentially, the asymptotics of the above solution is 

^u(i) = ^su(iv) ^ c Vl^ (6M) 

Despite the fact that two equations in (6.13) are independent, there is only one 
undetermined constant C. This fact is not seen at large r, since the U(l) and SU(iV) 
profile functions got untied in this domain. To correlate the latter functions, we 

will have a look at a domain closer to the core of the string and justify the equality 

^u(i) = ^suw in (6 M) 

Intermediate-r domain: r < l/(gy/£). 

We proceed with finding only the zero- mode profiles ip^^ and ip^^, sufficient for 
establishing their mutual normalization. The functions ipi^ and ip^^ can be found 
in a similar fashion. 

Now we do not drop the gauge functions / and f N . This seems to be more 
general than the large-r case. To be able to solve the Dirac equations, all we can do 
is assume \x to be very large. The gaugino functions A can still be found from e.g. the 
first and third equations in (6.2). However, effectively one can discard them. Indeed, 
Eqs. (6.12) suggest that Ao's must be suppressed as 0(1/ fx) with respect to ipi and 
as 0(1/ fi 2 ) with respect to ipo, which we temporarily accept to be finite at 1/fx — > 0. 
Assuming this, and taking the first and third equations in (6.3), one observes that to 
the leading order in 1/ fx the gaugino contributions can be dropped. 

Taking the sum and the difference of these equation, one arrives at 

dr + l- J- (/+(*-!)/„) 



8 r 



} (V-„ D(1) + (N - = 0, 

+ 7 " wV~ M } K 0, -*« Um ) = »■ < 6 - 15 > 
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These equations are nothing but the first order equations for the string profiles, cf. 
Eqs. (3.3), and hence the above linear combinations have to be proportional to (f>i/r 
and fa/r, respectively. However, whereas fa(r) vanishes at the origin as 0(r), and 
<f>i/r is well defined, fair) is nonvanishing at zero, and fa(r)/r is divergent at the 
origin. Demanding finiteness of the zero modes at the string core, one concludes that 
the second linear combination in (6.15) must vanish everywhere, i.e. = ipQ V ^ N \ 

Therefore, 

^ U(1) = 4 V(N) oc ^. 

r 

This agrees with the analysis at large r above, which states that they need to be 
proportional to y^/r at large r. We have proved that there is a connection between 
the U(l) quark modes and the SU(iV) modes, and that there is only one arbitrary 
constant C. This constant can always be absorbed into the normalization of the 
supertranslational modes. We fix it for convenience as 

= 4 vm 4f c = j}- (6 ' 16) 

6.2.2 Superorientational zero modes 

We deal in a similar fashion with the superorientational modes. Resolving the gaug- 
inos from the first and third equations of (6.5), 

and substituting them into the two remaining equations in (6.5), while dropping the 
kinetic terms, one obtains 

cW>+ - --^(/-/aOVM- + m- v{N) ^ij_ = 0, 

d r ri>- + V - ^(f + (N-l)f N )^_ + m - v{N) Ml^ + = 0. (6.17) 

We again solve these equations in two domains. This analysis is completely similar to 
that of the translational modes, yet even simpler, and we do not give as much detail. 

Large-r domain: r ^> l/(<?-\/£). 
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At large r we put the string profiles to their vacuum values, i.e. f — /n — 0, and 
0i,2 = an d solve for 



tp- = ~ — d r ip + , 

Thus, we have 



m SU(A0 



The latter equation then yields 

^+ = m sv(N) K o( m sv(N) r ) > i>- = ~ d r K o(ms V(N) r) , (6.18) 

with just one arbitrary constant which we have implicitly put to unity. 
Intermediate-r domain: r < l/(gy/£). 

In this domain we do not put the string profiles to their asymptotic values, but instead 
take /i to be very large. Then, ignoring the small mass terms in (6.17) we get 

d r ip+ - ^(f-f N )^+ = 0, 

d r ri>- + V - -^-(f + (N-l)f N )^ = 0. 
r JMr 

These equations again remind us the string profile equations (3.3), and we write 

i)+ = Ci0 2 ^- = C 2 — . 

r 

Neither of C\ and c 2 have to vanish now. On the other hand we know from the 
analysis at large r that there cannot be two independent constants. In fact, since 
we have fixed the normalization of the zero modes at large r, Eq. (6.18), we have no 
more freedom, and can determine C\ and c 2 by matching the large-r and medium-r 
solutions at r = 1/mw, 

_ \nm w /m- v{N) 1 & r- 

^+ = m s\j(N) -y| 02, W- = ~y|~' mw = 9zv£- 

(6.19) 

Equations (6.16) and (6.19) explicate the long-range tails of the right-handed 
zero modes. One observes that in the limit \x — > oo the latter become non-normali- 
zable, the fact related to the presence of the Higgs branch in M = 1 SQCD, to which 
our theory flows. 
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7 Bifermionic Coupling 



The bifermionic coupling, given in the fourth line of Eq. (5.3), arises from the kinetic 
terms of the superorientational and supertranslational moduli. On the one hand, 
it can be found from the microscopic theory. To detect its presence in the effective 
action, one only has to substitute the corresponding zero modes into the kinetic terms 
of our theory (4.2). On the other hand, its magnitude determines the deformation 
parameter of the world sheet theory, 



W 



i+i — 



7 = 



V25 



and ultimately gives the connection sought for, between the microscopic deformation 
parameter /x, and the macroscopic "response" 5. In [1] it was shown that in the SU(2) 
theory the dependence of one on another is logarithmic at large /j,. More generally, 
this fact should not depend on N, and now we will show that it does not. 

We substitute the zero modes obtained earlier in this section into the kinetic 
terms of the theory (4.2). The anticipated result is the kinetic part of the effective 
sigma model, with the following structure: 



C,CP(iV-l) 

D i+i 



d 2 x 



+ 



2< [\{d k x a ) 2 



2(3 [\d k n\ 



(7.1) 



+ {nd k nf + Z L id R £ L + h^>R id ^R 



+ Ia(id L n£ R ( R + £ R id L n( R )^ + four-ferm.int. 



The constants 1^ and 1^ are the normalizations of the corresponding kinetic terms 
which will be determined upon the substitution of the zero modes. The integrals 1^ 
and 1^ are expected to be dependent on \i as they normalize the right-handed moduli, 
which are affected by the J\f = 1 deformation under consideration. 

The strength of the bifermionic coupling 1^ is our prime interest. In (7.1) we 
implicitly assumed that fj, is real, and therefore the induced 7 is also expected to be 
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real. Using the zero-mode expressions (6.1) and (6.4) we calculate this coupling, 



£1+1 3 4 x4 [idLn£ R ( R + 6?2<9 L nCi?) 

x |rrfr[(p(r)-l)(A SU(JV) A_ + A? U ^A + ) 

+ #2j (l^V- + 1^+) (7.2) 

- (^ u(1) + (tf-i)^ )^}) . 



We can handle this expression in the limits of small or large [i. 
For small //, we again accept a convenient relation, Eq. (6.6) 



.2 .N„ _ , 



and substitute the profile functions (6.7) - (6.10) into Eq. (7.2), 

^ x 4 [id L nUtR + (fi^uG) (- (7.3) 



x 



y rrfr [ — 0| — y + N f + n fN ) 92 ^ ~ ^ fN j ' 



to the first order in //. Since the normalization constants of the right-handed modes 
I^, 1% do not depend on \x in the leading order (recall, they are Af = 2 supersymmetric 
in the leading order), all dependence of 7 and 8 on /j, is given by (7.3), and it is linear. 

The large-// limit is the most interesting limit, as in this limit the relation between 
5 and fi ceases to be linear. To be able to compare 1^ to the coefficient in front of 
the bifermionic mixing term in the CP(iV — 1) model (5.3), one needs to properly 
normalize the kinetic terms in (7.1). In other words, one needs the expressions for 
all and 1^ in terms of the zero- mode profiles. The contributions of the heavy 
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gaugino, however, now are discarded, and we obtain 

k = rj rdr (( tf<1) ) 2 + K'") 2 + ( JV - 1 >{K (,,) ) 2 + K W) ) 2 })' 

/ { = 2g\ jrdr + (7.4) 

where we also omitted the gauge field contribution from (7.2) since it would not 
produce large logarithms which we are after. 

Substituting the long-range tails (6.16) and (6.19) into (7.4) we arrive at 

h = 2 1n^ + 0(1), 

I, = <lg\\^ + 0(1), (7.5) 
m L 

l a = <£v^h— + 0(1), 
m L 

where 

m L = — , 

and the integration is carried out over the range l/m w < r < l/m L . 

Normalizing the fields £ and ( canonically (modulo the factor 2(3, cf. Eq. (5.3)) 
and comparing the result for 1^ with (5.3), we conclude that 

7 = -M = 1 + o(—^—\ (7.6) 

(remind that in this paper 7 is related to 7 of [1] as 7 = 7). This leads to the 

following result: 



const - Win — — , as u — > 00 . (7.7) 

m w 

The latter exhibits a nonlinear dependence of the world sheet deformation parameter 
5 on the supersymmetry breaking parameter //, independently of the number of colors 
N. 
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8 Physics of the heterotic CP (AT — 1) model 



In this section we will briefly review physics of the heterotic Af = (0, 2) CP(iV — 1) 
model which, as was showed above, is an effective low-energy theory on the world sheet 
of the non-Abelian string in the deformed Af = 2 SQCD. The Af = (0, 2) CP(iV - 1) 
model was solved in [16] in the large- N approximation. This method was suggested 
by Witten [17] and used to solve nonsupersymmetric and Af = (2, 2) supersymmetric 
CP(iV — 1) model. The results obtained in [16] unambiguously demonstrate that 
the Af = (0,2) supersymmetry is in fact spontaneously broken (see also [18]) and 
the vacuum energy density does not vanish. This means that the elementary string 
tensions are lifted from their classical BPS values, 

T = 27r£ + ^K(l-e- u ), (8.1) 

where the deformation parameter u is related to 5 as follows: 

u . (8.2) 

At large /i, the parameter u behaves as 

u ~ ln^. (8.3) 
m w 

Just as its Af = (2, 2) cousine, the heterotic Af = (0, 2) model has iV degenerate 
vacua. They are labeled by a nonvanishing VEV of the complex scalar a (the former 
Af = (2, 2) superpartner of the photon A k ). Namely, a is given by 

' + *=0,...,(JV-1). (8.4) 



Thus, indeed, we have N vacua in the world sheet model, i.e. N degenerate elemen- 
tary non-Abelian strings in the bulk theory. In fact, the field a is proportional to 
the bifermion condensate £l£r and its VEV signals the chiral symmetry breaking. 
The point is that classically the model at hand has the U(l) chiral symmetry which 
is, however, broken by the chiral anomaly down to a discrete Z 2 n symmetry. The 
nonvanishing VEV (8.4) breaks this Z 2 n symmetry further down to Z 2 . 

As soon as we have iV vacua in the model we also have kinks interpolating 
between these vacua. From the standpoint of the bulk theory they are interpreted 
as confined monopoles [19, 6, 7, 11, 20, 16]. These monopoles are free to move 
along the string. This should be contrasted to the nonsupersymmetric CP(iV — 1) 
model where kinks and anti- kinks form bound states, kink-anti-kink "mesons" [17]. 
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From the four-dimensional point of view this means that the monopoles (in addition 
to four-dimensional confinement) are in the phase of two-dimensional confinement 
which ensures that monopole and anti-monopole form a meson-like bound state on 
the string [21]. 

The presence of N degenerate vacua (8.4) shows that the monopoles are decon- 
fined in the two-dimensional sense (on the string) in the theory at hand. 

When we tend \x to infinity, all iV vacua (8.4) coalesce and the world sheet theory 
supposedly flows to a conformal phase [16]. However, this theory cannot be trusted in 
this limit because of the presence of the massless modes (2.17) which make the string 
swell; higher-order corrections on the world sheet become increasingly important. 

9 Conclusion 

This paper concludes the program started in [1], namely direct derivation of the world 
sheet theory for heterotic non-Abelian strings starting from the bulk theories with 
M = 2 supersymmetry broken down to M = 1 by the mass term of the adjoint fields. 
If in the previous work the bulk theory analyzed was U(2) supersymmetric QCD, 
now we analyzed U(iV) with arbitrary N. To this end we had to explicitly obtain 
all fermion zero modes. We managed to accomplish this task in two limits: small 
and large /i. An explicit relation between the parameters of the world sheet and bulk 
theories was found. Our results for U(iV) are very similar to those for U(2). 
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Appendix: Notation 



Throughout the paper we use the matrix notation for the matter fields 

q kA , ^ kA , q Ak , ^ Ak , k = 1,...,N, A = 1,...,N, 

which allows us to conveniently treat them on the same footing with the gauge fields, 
when the gauge symmetry is broken, and parametrize all of them as SU(iV) matrices. 
The trace needs to be performed when the action is built. 

The gauginos A^ carry the SU(2) R index /, with A 1 belonging to the Af = 1 
gauge supermultiplet, and A 2 being part of the adjoint supermultiplet. For the barred 
gauginos Xf the same placement is defined for the lower index /. These SU(2)^ indices 
are raised and lowered by the SU(2) metric tensor 

We use euclidean space-time throughout the paper, both in the four-dimensional 
and two-dimensional cases. As for the four-dimensional spinors, their indices are 
raised and lowered by the SU(2) metric tensor, similarly to the above, 

V>« = ^ = Ca/3^> ^ = ^ = > 

where 

- tap - y_ x J , and e - e - y 1 • 

The contractions of the spinor indices are short-handed as 

XtP = A Q #\ MP = X^ a . 
The sigma matrices for the euclidean space we take as 

of = (l, -zr*)7 = (l, ir k ). a , 

where r k are the Pauli matrices. 

Reduction to two dimensions can be conveniently done by picking out x° and x 3 
as the world sheet (or "longitudinal" ) coordinates, and integrating over the orthogonal 
coordinates. One then identifies the lower-index spinors as the two-dimensional left- 
and right-handed chiral spinors 

€r — £i > £i — 6 , €r — £i , £l = £2 • 



36 



In the world sheet theory, the CP(iV — 1) indices are written as upper ones for 
the orientational variables 

and lower ones for the conjugate moduli 

ni, & , 

where / = 1, N. In the geometric formulation of CP(iV — 1), global indices are 
written upstairs in both cases, only for the conjugate variables the indices with bars 
are used 

<t>\ i>\ ?, W, h i = 1, N-l, 

and the metric is used to contract them. 
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